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Abstract 

We provide a systematic treatment of chemical equilibrium in the presence of a specific type of time 
dependent background. The type of time dependent background we consider appears, for example, in 
recently proposed axion/Majoron leptogenesis models [l], [ 2 ]. In describing the chemical equilibrium we 
use quantities which are invariant under redefinition of fermion phases (we refer to this redefinition as a 
change of basis for shorlQ), and therefore it is a basis invariant treatment. The change of the anomaly 
terms due to the change of the path integral measure s a under a basis change is taken into account. 
We find it is useful to go back and forth between different bases, and there are insights which can be 
more easily obtained in one basis rather than another. A toy model is provided to illustrate the ideas. 

For the axion leptogenesis model [I], our result suggests that at T > 10 13 GeV, when splialeron 
processes decouple and T b+l <C H <Yl (where H is the Hubble parameter at temperature T and T l 
is the AL = 2 lepton number violating interaction rate) , the amount of B — L created is controlled by 
the smallness of the sphaleron interaction rate, Vb+l■ Therefore it is not as efficient as described. In 
addition, we notice an interesting modification of gauge boson dispersion relations at subleading order. 


1 Introduction 

Recently, novel models of leptogenesis wereproposed [l, 2|] which employ the idea of spontaneous baryo- 
genesis pioneered by Cohen and Kaplan [5j. The key idea is the existence of a specific type of time 
dependent classical background field in the early universe. In hj the background field comes from an 
axion which couples to the electroweak gauge fields W a and B a □ The axion is assumed to get nonzero 
mass from coupling to hidden sectors^ In :2| the time dependent background comes from a Majoron 
which is assumed to get mass from new physics at the Planck scale. In the early universe, after inflation 
a homogeneous background is produced which, in general, does not lie at its minimum, assuming the 
corresponding symmetry is broken before the end of inflation. When either the axion or Majoron run 
down their respective potentials at a temperature scale T satisfying H(T) ~ m(T) (where m is the mass 
of the background axion or Majoron field), a homogeneous, time dependent background held is pro¬ 
duced. These models illustrate the interesting possibility of explaining the observed baryon asymmetry 
r/% ~ 6 x 10~ 10 3] in a CPT violating background held configuration without using the CP violation in 
the fundamental theory (CPT is assumed to be a good symmetry of the fundamental theory). 

While the time dependent background held (which may be considered as a coherent state with zero 
momentum) is not in thermal equilibrium, nonzero lepton number or baryon number can be generated 
when the lepton/baryon number violating interactions are in equilibrium, i.e. the interaction rates are 

1 In this paper, change of basis does not mean change of Lorentz frame. All calculations in this paper are performed in the 
center-of-momentum frame of the thermal plasma, i.e. the Lorentz frame in which the average momentum of particles is zero. 

2 In this paper we use a, b, c, d as space-time indices. 

3 Unlike the QCD axion, electroweak axion could not generate a mass by anomaly. Also, for the purpose of leptogenesis, the 
mass needs to be large. 
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large compared to the Hubble parameter, H. It is not always necessary for the system to reach the equi¬ 
librium value, and when the system evolves towards the equilibrium value with nonzero baryon/lepton 
number, a nonzero baryon/lepton number asymmetry is generated. In the case the equilibrium value is 
not reached, the amount of asymmetry produced is determined by the relevant interaction rates which 
enter the Boltzmann equations. 

In this paper we discuss the change of basis invariance of physics, which is relevant for the ax- 
ion/Majoron leptogenesis models. In particular, we work out the equilibrium values of B and L. The 
change of anomaly terms, due to the change of the path integral measure m under basis changes, is 
taken into account, and therefore, our discussion should be distinguished from the Appendix of Q where 
the basis changes are discussed in the context of a classical Lagrangian. 

To the best of our knowledge, we are the first to provide a systematic basis invariant treatment 
of chemical equilibrium in such a time dependent background^ For the purpose of obtaining a basis 
invariant treatment, we use quantities which are invariant under the basis changes we consider, like the 
fermion number density n, the fermion occupancy f(p), and the fermion effective chemical potential ft. 
On the other hand, the fermion energy E and fermion chemical potential fi are not invariant under basis 
changes, and they do not enter our final results. We find insights which are better seen in one basis 
rather than another, and it is useful to go back and forth between different bases. 

A toy model is provided to illustrate most of the ideas. In the toy model we illustrate a simple example 
of the time dependent background we consider, the type of basis changes we consider and the change 
of path integral measure under basis changes. By choosing a suitable basis, the Lagrangian becomes 
time independent and this explains why thermal equilibrium and chemical equilibrium could exist in the 
type of time dependent background being considered. Quantities which are invariant under the basis 
changes are discussed, and the chemical equilibrium is described using the invariant quantities (especially 
the effective chemical potential JJl). The description in different bases are explained at the level of the 
Boltzmann equation and insight from different bases are discussed. 

When applied to the axion leptogenesis model [lj , our result suggests a different equilibrium point 
than that shown in pj. Our result shows that B must be generated at the same time B — L is generated, 
otherwise B = L = 0. At T > 10 13 GeV, the A L = 2 interaction rate per particle satisfies Vl > H. 
However the sphaleron interaction rate per particle, Tb+l ~ 250 a^yT -C H [?$ and it is thus not as 
effective. We show that in this limit the amount of B — L created is controlled by the smallness of the 
sphaleron interaction rate per particle, T b+l, rather than, T l, and the creation of B — L is not as efficient 
as described in [lj. We also show that the end results obtained by the authors in f2j are unchanged; 
however the derivation of the effective action was incomplete. As an aside, we notice a modification of 
the gauge boson dispersion relation at subleading order which exists in the axion leptogenesis model [jj, 
but not in the Majoron leptogenesis model Q|. 

2 Change of basis and the invariance of physics — a toy 
model 

Invariance of physics under frame or basis changes plays a key role in modern theoretical physics; such 
as Lorentz invariance in special relativity, general coordinate invariance in general relativity and gauge 
invariance in gauge theories. 

Changing of fermion phases is central in Fujikawa’s way :3| of understanding quantum anomalies. 
Here we continue the story of changing fermion phases (we call it change of basis for short) and investi¬ 
gate its implication in thermal dynamics, especially in chemical equilibrium. We find for the type of basis 
changes we are interested in, the energy or chemical potential of fermions are not invariant quantities. 
Nevertheless, particle number density n, occupancy f{p), 3-momentum of fermions, effective chemical 
potential of fermions, 4-momentum of bosons, the chemical potential of bosons and the dispersion rela¬ 
tion of bosons are invariant quantities. By changing basis, a good amount of information can be obtained. 


4 For a general time dependent background, both kinetic and chemical equilibrium do not exist, but the specific type of time 
dependent background we consider allows both kinetic and chemical equilibrium. 
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2.1 The toy model in basis (A) 

We illustrate the idea using a toy model. Consider four left-handed Weyl fermions qi,q 2 , qa and l in the 
fundamental representation of an SU(2) gauge group and W ab is the field strength of the SU(2) gauge 
field with the Lagrangian given by 

3 

(A) C = lUa a DJ + qjia a D a qi - tr(W ab W ab ) - ^ tr(W ab W ab ) (1) 

i= 1 9 

where 

Da — da ~\~ iWa- (2) 

We are interested in a homogeneous and time dependent background, so consider 

d a 9 = (0,0, 0,0) = (<5,0,0, 0). (3) 

Here, we consider 5 = const since in the realistic models we will be interested in, 6 is slowly changing, 
and it could be treated as a constant during a period of time when some relevant interactions happen. 
We have chosen our notation to indicate the similarity between this toy model and the SU(2)l weak 
interaction in the standard model (SM). 

According to the theorem of global anomaly by Witten fgjj], for an SU (2) gauge theory to be consistent, 
there must be an even number of SU{2) Weyl fermion doublets (in the fundamental representation) 
assuming no fermions in other representations of SU( 2). There are alternative proofs of Witten’s theorem 
using Abelian anomaly Q or non-Abelian anomaly [Icj, HU • Therefore, it is possible to choose a slightly 
simpler toy model with just two Weyl fermion doublets. However, in the case of two Weyl fermion 
doublets, the anomalous one-instanton effect fl^.ll3| or splialeron effect [l3 - (lU involves only two fermions 
and induces a correction to the fermion propagators which is equivalent to a mass term rather than an 
interaction. If we want the anomaly to induce an interaction, rather than a mass term at the lowest 
order, our toy model is the minimal set up. 


2.2 Change of basis from (A) to (B) 

We consider the following change of basis (although change of basis could be more general) 


l e icie(x) l 
q . 

Cl + 3C2 = 1. 


i = 1,2,3 


(4) 


Fujikawa’s method Hi (especially Ref. 0) is very helpful in understanding how an anomaly term 
changes under fermion phase rotations in chiral gauge theories. Fujikawa’s idea is to consider the path 
integral of the theory; when the phases of the fermions are rotated, the path integral measure of fermions 
may not be invariant (depending on what rotation is performed and how fermions couple to the gauge 
fields). This effect is equivalent to adding a term into the classical Lagrangian after the fermion phase 
rotation. Some useful results of Fujikawa’s method are summarized in Appendix lA.2l using our notation. 
The effect of the rotation Eq. is the following: 

(1) The change of basis induces a change of the anomaly term (due to the change of path integral measure) 


e /. _ (Cl T 3C2)$(:r) ,TT^ TT.ab\ _ ®('^) , (ITT t x/-a&\ / 

oC-anomaly — ^ tr(\V ab W ) — j tv(yV ab W ). (5) 

Therefore, the original anomaly term is canceled in this new basis. 

(2) Since d a 0 = (5, 0, 0, 0), the change of basis will also introduce the following terms into the Lagrangian 


3 

Cs = -Ci6lU - ^ C2&q\qi- (6) 

i= 1 


Therefore, with a change from basis (A) to basis (B), the Lagrangian becomes 

3 

(B) c! = lUa a DJ - SilH + 'y(qlia a D a q i - S q qj qi ) - -Ltr(W a6 W“ fc ), 

z J &9 


(7) 


where 

<5/ + 3 S q = 5 8i = ciS 8 q = C2<5. (8) 
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2.3 Energy shift and effective chemical potential 

2.3.1 Energy shift 

The terms SilH and S q qjqi give energy shifts to l and g; particles^ At the classical level, this may be 
seen by considering classical solutions of the free part of the Lagrangian (here, free means getting rid of 
interactions). The reason we only consider the free part of the Lagrangian is the assumption that for a 
weakly interacting plasma, particle can be defined using the free part of the Lagrangian. For example, 
consider the l(x) field 

Co = l^id a d a l => l = u{p)e~ lpx or l = v(p)e lpx (9) 

where p a = (\p\,p). After basis changes l e l5lt l 

C'o — iu a d a l — SilU ==> l = u{p)e~ lpx e~ l5lt or l = v(p)e zpx e~ z6lt . (10) 

The solutions with factor e~ lpx are called particle solutions, and the solutions with factor e lpx are called 
antiparticle solutions. The energy of particle and antiparticle is shifted in opposite directions. 

E i(p) = \p\+S t (11) 

e t(p) = \p\ - 

E qi(P) = \P\+ S 6 q 

E qAP) = \P\-Sq 

Energy shifts are not only defined in basis (B) but also defined in basis (A). The amount of energy shift 
in basis (A) is zero. More details about energy shifts may be found in Appendix IA.31 

2.3.2 Effective chemical potential 

We have seen that energy shifts may come about in our toy model by basis changes. In systems with 
energy shifts, it is convenient to define an effective chemical potential p. 

Let us consider the following shifts of particle energy, and mass m is added for a general definition. 
In the toy model and the relevant temperature scales of the realistic models in Sec. [3] the particles are 
massless. 


E{p) = E 0 (p) + 8 
In kinetic equilibrium the occupancy is 


with 


Ea(p) = o/p 2 +m 2 


f(p) 

e t ±1 


E o(p)+ s ~ M 

e t ±1 


( 12 ) 


(13) 


For the purpose of calculating the occupancy it is convenient to define the effective chemical potential 

p = p-5, (14) 

then 

(15) 


f ' id Eq(p)-M 

e t ±1 


For each internal degree of freedom, the number density is 

f d 3 p 


f(P )■ 


(16) 


J (27t) 3 ‘ 

In a system with chemical potential p and energy shift <5, the occupancy and number density can be 
calculated as if there is no energy shift and with the effective chemical potential p. 


2.4 Invariant quantities of the toy model 

For a basis invariant description of physics, it is very important to find invariant quantitiefl under basis 
changes. For the toy model, there are fermions and gauge bosons. In this section, we will discuss the 
invariant quantities of fermions and gauge bosons which provide an invariant description of the system. 

5 Since we have freedom to choose ci and C 2 keeping ci + 3c2 = 1, we are actually considering a lot of possible basis changes 
parametrized by a real number. Each of them gives you different energy shifts. 

6 Quantities which change according to some simple rules (under basis changes) are called covariant quantities. Covariant 
quantities can be important also. For example, in general relativity, vector and tensor are important covariant quantities. 
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2.4.1 Invariant quantities for fermions 

We have seen that the fermion energy gets shifted and the shift does not take the same value in basis 
(A) and basis (B). On the other hand, from the requirement that physics is independent of basis, the 
number of fermions with some specific 3-momentum p are the same from the viewpoint of both bases. 
At the classical level, it may be seen by considering a classical solution of the free part of the Lagrangian 
©, m- Under basis change l —> e l5l± l, the particle solution 

l = u(p)e~ ipx —► l = u(p)e- ipx e~ iSlt (17) 

The physics requirement is that, a particle described by the solution u(p)e~ lpx will become a particle 
described by the solution u(p)e~ xpx e~ tSlt (with the same 3-momentum p) after the basis change l —» e l6lt l. 
Similarly for antiparticles. Therefore, the number of fermions with some specific 3-momentum p should 
be the same from the viewpoint of both bases (for a further discussion of this point see Sec. 12.51) . This 
means that the occupancy f(p) is an invariant quantity. 

For each internal degree of freedom 

n = /(^ /(P_) - (18) 
Therefore, f(p) invariant implies the number density n is an invariant quantity. 

For fermions, in kinetic equilibrium we have 

= —• as) 

e t + 1 

Here, Eo(p) is an invariant, therefore, the effective chemical potential ft is invariant. On the other hand, 
the chemical potential p = p + 5 is not invariant since S is not invariant. 

To summarize, for fermions, the 3-momentum, the occupancy f(p), the number density n, and (when 
the system is in kinetic equilibrium) the effective chemical potential ft are invariant quantities. 


2.4.2 Invariant quantities of gauge bosons 

In the change of basis considered in the toy model, we did not transform the gauge field. Therefore, 
we expect that everything about the gauge boson in basis (A) and (B) is the same. To be specific, 
we expect the 4-momentum, the occupancy f(p), the number density n, the chemical potential and the 
dispersion relation of the gauge boson to be invariant. We find there is an interesting subtlety concerning 
the dispersion relation of the gauge boson, and it conforms to our expectation. 


In the context of an Abelian gauge theory, consider 

S = J d i x-[^B ab B ab + ^^B ab B ab ] d a 6 =(5,0,0,0). (20) 

A similar theory has been considered by Carroll, Field and Jackiw [TU in the context of electrodynamics 
modified by a Lorentz-violating Chern-Simons term Ccs = —p a AbF ab . [The term OFF is equivalent to 
— 2 (d a 0)AbF ab up to a total derivative.] By solving the classical equations of motion it can be shown 
that the dispersion relation of the gauge boson is modified: 


d a B ab = b a B ah 


q' 2 Y 2 

ba = (~j^T^0,0,0) 


2 / 2 I Q ir 

uj = k ± - —ko 

16?r 2 


( 21 ) 


with ± for the two possible circularly polarized modes, and k = |fc|. 

For our non-Abelian gauge field in the toy model, from the view point of basis (A), after neglecting the 
nonlinear terms, we expect a similar modification of the dispersion relation. For the action 


S = j d 4 x — tr(W ab W ab ) + j^tr(W ai W ab ) 


d a 0=(5, 0,0,0), 


( 22 ) 


the dispersion relation would be 

lo 2 = k 2 ± irshS. (23) 

57r 2 

From the requirement that physics is independent of basis, we expect the same dispersion relation in 
basis (B). But in basis (B) there is no 9(x)WW term, and how should the dispersion relation of the 
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gauge boson be modified? It may not be too surprising that from the point of view of basis (B), the 
same modification of the dispersion relation comes from a fermionic 1-loop correction to the propagator 
of the gauge bosonQ A calculation of relevant 1-loop correction in the context of QED (set fermion mass 
m = 0) may be found in fTi^] . and we also notice that in their paper the result was explained using the 
idea of basis changes taking into account the change of anomaly term from the path integral measure. 
From the viewpoint of basis (B), the fermions get energy shifts of order 8, and the gauge coupling g 2 
enters into the boson dispersion relation due to the loop. This result justifies our basis independent 
argument for gauge bosons. 

Summary and comments: 

(1) The basis invariant quantities for gauge bosons are: the 4-momentum, the occupancy f(p), the 
number density n, the chemical potential and the dispersion relation. 

(2) The dispersion relation of the gauge boson is given by u> 2 = k 2 ± -§^?k8 [as is shown in Eq. (l23l) [. 

Note that the second term is linear in k, and therefore this modification is not a mass term; this effect 

is special for time dependent axion background and it is a zero temperature effect. When k ^$> 8, this 

2 

is equivalent to an energy shift lo ~ k ± j§^?8. Since the energy shift of the gauge boson is suppressed 
2 

by a factor compared to the energy shift of the fermions, we will neglect this small energy shift 

for the gauge boson in considering the equilibrium (assuming g 2 -C 1). In chemical equilibrium, we will 
use gw = 0, and as we neglect the small energy shift, we will not use an effective chemical potential for 
gauge bosons since it is equal to the chemical potential in every basis, gw — gw- 

(3) The dispersion relation of the gauge boson, lo 2 = k 2 ± -§^zk8 [as is shown in Eq. (1231) 1 has an 

2 

instability at small momentum, k < f^8. When the thermal mass of gauge boson m ~ gT (see for 
example [20() is taken into account, the instability no longer exists (assuming both T 8 and g 1). 
In fact, for a thermal averaged momentum fc ~ T, the thermal correction to the frequency is of the order 
9 2 T 0, and the correction due to the axion background to the frequency is of the order ±g 2 <5. Both are 
second order in the gauge coupling g, and when T 8, the thermal correction is bigger then the axion 
correction. Nevertheless, the fact that the axion background correction treats ± circularly polarized 
modes (or helicity) differently may have interesting consequences, see Sec. I3.3.2l for more detail. 

2.5 Chemical equilibrium 

Generally speaking, chemical equilibrium does not exist in systems with a time dependent Lagrangian. 
Our toy model in basis (A) is time dependent, and at first sight, it is not clear whether it is possible 
to have chemical equilibrium. Nevertheless, in basis (B), the Lagrangian is time independent, and it is 
possible to define chemical equilibrium. We first provide a treatment of chemical equilibrium in basis 
(B), and then use the invariant quantities to obtain the equilibrium in basis (A). The viewpoint from 
different bases are discussed at the level of Boltzmann equation. 


2.5.1 A brief review of chemical equilibrium 

As we will use chemical equilibrium in a nontrivial way, it is worthwhile to briefly review it here, together 
with the derivation from the Boltzmann equation. 

For a process 

A + B + ... # C + D + ... (24) 

Start with the Boltzmann equatiorjf] which may be found in [2l| (here I set the Hubble parameter H = 0) 


driA 

dt 


— I dllAdYls ... dllcdYlr) ... 


x (2n) 4 S 4 (pA + Pb ■ ■ ■ - pc - Pd ■ ■ ■) 

\M\A+B+--tC+D + -fAfB ' • ' (1 ± fc)( 1 ± /d) ■ • ■ 
-\M\c+D+--tA+B+-fcfD ■ ' ■ (1 ± /a)( 1 ± /fl) ' ' ' 


(25) 


7 The terms Sil^l and 8 q f/J q, which cause energy shifts of the fermions also contribute to the loop diagram, and this makes 
it possible to modify the dispersion relation of the boson. 

8 The thermal correction treats the two circularly polarized (transverse) modes in the same way, while the axion background 
distinguishes the two modes. In thermal plasma there are longitudinal modes also, but only for momentum smaller than gT , 
and therefore not relevant here. 

9 If there are identical particles in the interaction, the phase space needs to be modified. 
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where for each internal degree of freedom dll = is the phase space factor, f(p) is the occupancy 

and in kinetic i 
(1) If we have 


and in kinetic equilibrium f(p) = - eTW)- 

exp ———— ± 1 


l-M| A+S+...->C+D + ... = \M\ C+B+...->A+B+... 
then, in chemical equilibrium we could derive 

MA + M b T - • ■ = pc + Me + ■ ■ • 

(2) If T is violated, we may have 

\M\a + b+...^C+D+... 7^ \M\ C+B+...->A+B+... 
then, in chemical equilibrium one would derive 


(26) 

(27) 

(28) 


Ma T Me + • • ■ — Me T Me -t- . • ■ + T In 


A4c+b+...->a+b+... 

-Ma+b+...->c+b+... 


(29) 


Throughout this paper, we do not need to worry about the situation in Eq. (1291) because we neglect the 
small CP nonconservation in the weak interactions when considering the axionic/Majoron leptogenesis 
models. 

(3) In a time dependent background, if chemical equilibrium exists, there will be another effect which 
could make ma + Ms + • ■ ■ 7^ Me + Mo + • • 

Recall that the S 4 (pa + Pb ■ ■ ■ — Pc — Pd • • ■) in the Boltzmann equation comes from energy-momentum 
conservation. Especially, the energy conservation could be derived by time translational invariance of 
the Lagrangian. If the Lagrangian depends on time explicitly^ then the time translational invariance 
no longer exists and the delta function may need to be modified. 

This nonconservation of energy may be seen by Noether’s theorem. The energy-momentum tensor for a 
time dependent Lagrangian satisfies 


d a T 


a 

b 


dc 

dx b 


-odC 


(30) 


More details of Noether’s theorem for a time dependent Lagrangian may be found in Appendix IA.41 
Consider the following modification of the Boltzmann equation 


driA 

dtt 


— I dY\.AdY\s • • • dYlcdUn ... 


x (2-7 t) 4 x S(Ea + Eb + ■ ■ ■ — Ec — Ed • • • — A) x 8 3 (pa + pb ■ ■ ■ — pc — Pd ■ ■ •) 

I-^Ia+sh ->c+e+ -/a/b • • • (1 ± fc){ 1 ± /e) ■ • ■ 

~\M\c+D + -^A+B+-fcfD ■ • ■ (1 ± /a)( 1 ± /s) • • ■ 


If we still have 

I-M|a+B+...—J-C+B + ... = \M\ c+p+...->A+B+... (32) 

then in chemical equilibrium one could derive 


+ I^B + ' - * — /i C + I^D + • ■ • + A 


(33) 


2.5.2 The equilibrium from the viewpoint of basis (B) 

In basis (B), everything is time independent, and all terms are T invariant (see Appendix IA.3I for why 
Sil^l and 5 q q\qi are T invariant). Therefore, in basis (B) we could use Eq. (1271) in chemical equilibrium. 

The fermions in the toy model participate in two types of interactions, namely the perturbative gauge 
interaction and the nonperturbative anomalous gauge interaction FI 

(1) When the perturbative gauge interaction is in equilibrium with a unbroken gauge symmetry we have 

Mw = 0. (34) 

10 In our case, the fundamental Lagrangian does not depend on time explicitly. When the axion/Majoron is treated as time 
dependent classical background, the effective Lagrangian depends on time explicitly. 

11 The anomalous gauge interaction may be an instanton or sphaleron interaction. 
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This allows us to define the chemical potential pi and p qi for each doublet. Also, we have pf = —pi 
and p qi = —p qi , similarly for the effective chemical potential pi = —pi and p qi = — p qi . With this 
in mind, we will not repeatedly write down the chemical potentials or effective chemical potentials for 
antiparticles. 

(2) When, in addition, the anomalous gauge interaction is in equilibrium 

3 3 

IM + ^ i~i qi = 0 =>• fu + ^ Jx qi = -5 ( 35 ) 

i= 1 i= 1 

Note that while pi + y~) 3 _. p qi = 0 we may have pi + p qi ^ 0. Also S only enters the equation of 
the effective chemical potential for the anomalous interaction but not the perturbative gauge interaction, 
and the energy shifts Si and S q do not come separately in the effective chemical potential equations, only 
the combination 8 = 8i + 3 5 q matters. The above facts can be explained more easily by changing basis. 


2.5.3 The equilibrium from the viewpoint of basis (A) 

We can solve the entire problem in basis (B), but as physics is independent of basis, it worthwhile to 
share the viewpoint of basis (A). 

As is argued earlier in Sec. 12.41 the particle number density n, the occupancy f(p) and the effective 
chemical potential p are invariant quantities under the basis changes we consider. In basis (A), the 
amount of energy shift is zero, so 

pi = pi P qi = Pqi (36) 

With the result obtained from basis (B) in Eq. (1351) . and the invariance of effective chemical potential, 
we find in basis (A) 

3 3 

pi + ^ p qi = -5 =>■ pi + ^ p qi = -8 (37) 

i= 1 i =1 

A more careful comparison of different basis (at the level of Boltzmann equation) in the following section 
12.5.41 shows that the reason to have pi + y~) 3 _, ^ i qi ^ 0 in basis (A) is that the time dependent term 
9(x)WW causes the situation described in Eqs. (1311) . (1321) . (1331) . Furthermore, from the viewpoint of basis 
(A), there is no surprise that J only affects the effective chemical potential equation of the anomalous 
interactions (but not the perturbative gauge interaction) since it is in 8WW. 


2.5.4 Compare basis (A) and (B) at the level of Boltzmann equation 

The last two sections 12.5.21 and 12.5.31 mainly focus on equilibrium. Some more information can be seen 
at the level of the Boltzmann equations, and it makes the correspondence between the two bases more 
clear. 

Consider the following anomalous interaction: 


l + qi ^ 92 + <?3 


(38) 


Let the partial rat j 12 l for the change of the number density for l particles, due to this interaction, be 

(39) 


dni 

ctt 


i + 91^92+93 


In basis (B), as everything in the Lagrangian is time independent, and all terms are T invariant, the 
Boltzmann equation for this process is 


(■ B) 


dm 

dt 


l + q 1^92+93 


= — / dlhdli qi dli q 2 dn q3 x (2n) 4 8 4 (pi + p qi — p q2 — p q3 ) 


l^li+gi->92 +93 /f/9l(l / 92 XI fn) 


l-^l92+93-»i + 91 ^92 ^*93 ■/))(! fQl) 

the energy is conserved, and from T invariance, we have 


(■ B) 


\M\ 


Z + 91->92+93 


= \M\ 


92+93 ->Z + 91 


(40) 


( 41 ) 


12 It is called partial rate because the number l particle can be changed by other interactions. 











As argued in Sec. 12.41 when going from basis (B) to basis (A), the number density m , the occupancy 
flip) fqi ip) fq 2 iP) fq 3 (p) are invariant quantities, and the fermion energy changes according to the energy 
shifts. The only consistent way is to have the following Boltzmann equation in basis (A): 




dm \ 

dt J 


= — j dYlidYl qi dYlq 2 dU q3 


Z + 91^92+93 


X (27t) 5{Ei + E qi Eq 2 Eq 3 + (i) X 5 {pi -(- p qi Pq 2 Pqz) 

I^Ih-81-^2+53 fofn (1 — fq 2 )(1 — /«) 


with 




l-^ 4 | 92 +? 3 -»i+ 9 i fqafiai^- /<)(! fqi) 


l-^4|i + 91->92+93 ~' 1-44 I 92+ 93 —>^ + 91 


From this Boltzmann equation one can directly derive the relation 

3 

Pi + ^2 Vn = ~ s - 

i —1 


(42) 

(43) 

(44) 


This shows that the reason pi + y^ 3 _, p qi ^ 0 in basis (A) is that the time dependent term 9{x)WW 
causes the situation described in Eqs. (EH, CU, E3. In other words, from the viewpoint of basis (A), 
the effect of the operator 9{x)WW in the anomalous interaction l + q\ <72 + 93 is to make the sum of 
the energies of the incoming particles not equal to the sum of the energies of the outgoing particles, i.e. 


Eq 2 + Eq 3 — El + E qi + 8. 

An independent proof of Eq. (1451) . using Noether’s theorem, can be found in Appendix IA.41 


(45) 


2.6 Insight from different bases 

Here, we remark that it is very useful to go back and forth between different bases, and there are insights 
easier seen in one basis rather than another. For the toy models described above: 

(1) I 11 basis (A), the modification of the dispersion relation of the gauge boson, Eq. (1231) . can be 
derived at the classical level, while in basis (B), it can be seen only after doing a 1-loop calculation. 
Therefore, the modification of the dispersion relation is best seen in basis (A). Furthermore, by the 
invariance of physics, and change of basis, we predict what the 1-loop diagram should give us before 
doing any calculation. This shows the power of basis changes. 

(2) In basis (B), the Lagrangian is time independent, and all terms in the Lagrangian are T invariant. 
Therefore, the Boltzmann equation looks most familiar, see Eq. (|40|). and the chemical potential equations 
and effective chemical potential equations are most easily derived. By changing basis rather than direct 
calculation we find that the 9{x)WW term, from the viewpoint of basis (A), is responsible for the energy 
nonconservation in the anomalous interactions, see Eq. (1451) . [A direction calculation in basis (A) using 
Noether’s theorem which confirms the result is provided in Appendix lA.41 1 

(3) In basis (B), it is not straightforward to see why Si and 8 q do not separately enter the effective 
chemical potential equations, and only the combination 5 = Si + 38 q matters. Nevertheless, by changing 
basis, and the invariance of physics, one can argue that only 8 matters by choosing a basis, for example, 
with Si = 8 and 8 q = o F 3 ! 


3 The chemical equilibrium equations for axion/Majoron 
leptogenesis models 

In this section, we work out the equations for the effective chemical potentials in realistic models. Consider 
the SM Lagrangian with neutrino mass and added in energy shifts: 


E — Ekinetic T E~Yu 


+ Eg 


+ EHiqqs + Em + Es- 


(46) 


In the following we only explicitly write down the Lagrangian for one family of quarks and leptons while 
keeping in mind there could be Nf families (we are mostly interested in Nf = 3). We assume there is 

13 The basis with with 81 = 5 and 5 q = 0 is a special case of basis (B). 


9 





one Higgs doublet. We neglect the CP-violating mixing in the Yukawa couplings for this problem, and 


we will assume the chemical potentials are independent of family. 

£kinetic = l^io- a DJ + eUa a D a e + qUa a D a q + v?ia a D a u + dUa a D a d (47) 

C Y uka W a = -geieHh-l^He^-gdidHiq-q'Hd^-guiuH'q-q'Hu*) (48) 

£gauge = ~tr(G ab G ab ) - ^tr(W ab W ab ) - ^B ab B ab (49) 

Cm gga = {D a( j>)\D a 4>)-V{4>) (50) 

£m = ^[(hU)(hU)-(1'H)(1'H)] (51) 

C s = -5 q J° Q -5iJ° L (52) 


where the two component spinor indices are antisymmetrized (see Appendix poll . We assume there are 
heavy neutrinos, and we have integrated them out because we are interested in the physics at a much 
lower energy scale than the heavy neutrino mass M. The term Cm is the dimension-5 Weinberg operator 
that is obtained by integrating out the heavy neutrinos. Here M is real, and Jq and Jf are the quark 
and lepton currents (the baryon current Jg = 1 Jq) 

Jg = l^a a l — e*d a e (53) 

Jq = q* d a q — u*d a u — d*a a d (54) 

For later convenience let us define 8 = 3S q + Si, and we will use 5 and Si as two independent variables 
(instead of using 8 q and Si). We assume in this problem S and Si change with time slowly enough and 
in chemical equilibrium we can treat them as constants. Also, we assume and Si T, where T is 

the temperature of the thermal plasma. 


3.1 Energy shifts from axion/Majoron leptogenesis models 

In this section, we show that the axion leptogenesis model in 1| is equivalent to our Lagrangian ( 06 j 
with <5 7 ^ 0 and Si = 0, and the Majoron leptogenesis model in !2j] is equivalent to our Lagrangian (14611 
with 5 = 0 and Si ^ 0. In order to verify this statement, a basis change is needed and the change of 
Lagrangian due to the change in the path integral measure is taken into account. 


3.1.1 For the axion leptogenesis model in jl| 

In our notation, the Lagrangian for the axion leptogenesis model in [l] looks like 
C — Ckinetic T C Y ukawa “t” C g auge T Clliggs T Cm T Canomaly 

where 


C 


anomaly 


6< ' X \[tr(W ab W ab ) - 2B ab B ab ] 


9{x) = 


a(x ) 


(55) 


(56) 


167T 2 ' “““““ J ‘' V ~' fa 

Here a(x) is the electroweak axion field which we treat as a classical background, and f a is the axion 
decay constant. We consider, as in [lj, a homogeneous and time dependent background, so we have 


d 6 0=^s(A,O,O,O). 

Ja 

With the following basis change (vector rotations on quarks J3 


<? 

u 

d 


iQo (ai) 

e q 

—i6o (a;) — 

e v J u 
-i0 2 HO j 


and 


02(x) = 


ftps) 

3N f 


(57) 


(58) 


(59) 


(refer to Appendix I A. 2 1 for how the Lagrangian changes), we find the Lagrangian in this new basis is just 
described as Eq. (SSJ with 

s = ^ = ^r a (60) 

In the relevant temperature range, 8 <^LT is satisfied. 


4 We do not rotate the leptons, since this would induce phases in the dim-5 Weinberg operator. 
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3.1.2 For the Majoron leptogenesis model in Q 

In our notation, the Lagrangian for the Majoron leptogenesis model in [2] looks like 


£ — £■>kinetic 


ukawa \ *~'gaug( 


where 

Cm = || [e~ ie(x \Hh){Hh 
here compare with the notation in Q 

x{ x ) 


9(x) = 


%/2 vb-i 


d a e = 


: + &Higgs H" ^M 

(61) 

H)(l ] H)] 

(62) 

= (A,, 0,0,0) 

(63) 


%/2 vb- 


where x( x ) ' s the Majoron field which we treated as a classical background, and vb-l is the B — L 
breaking scale which is assumed to be roughly the same scale as the heavy neutrino mass M. With the 
following basis change (vector rotation on quarks and leptons): 


l 

e 

<1 

u 

d 


e iSl{x) l 

e - ill(l) e 

e ie ^) q 

—iQo (ai) — 
e V ’U 

e~ ie ^ x) d 


(64) 


and 


010*0 = 2 d i x ) 


0 2 (x) = ~q°( x ) 


8i + 3ft> = 0 


(65) 


(refer to Appendix lA.2l for how the Lagrangian changes), we find the Lagrangian in this new basis is just 
described as Eq. (BSD with 

(66) 


(5 = 0 


In the relevant temperature range, Si -C T is satisfied. Note, the second term in Eq. ([Ml, i-e. Si, is the 
same value found in Ref. [2j. However the derivation in :2‘] did not take into account Fujikawa’s result 
for the change in the fermion path integral measure under the basis change and the fact that 5 = 0. 


3.2 Effective chemical potential in the early universe 

We work out the equations for the effective chemical potentials when the relevant process is in chemical 
equilibrium. We will use notation very similar to that in Ref. [§2j], and we consider the following result 
to be the generalization of the result in [22| for the types of slowly changing time dependent background 
fields described above. The chemical potential will be used in intermediate steps , but we would like the 
final result to be written in terms of effective chemical potentials because the effective chemical potential 
is invariant under basis changes. The intermediate steps with chemical potential will depend on the 
specific basis chosen, while the final result in terms of the effective chemical potential is independent of 
basisFI 

a) In the early universe before electroweak symmetry breaking, the chemical potentials of the gauge 
bosons vanish 

fJ-B = Hw = Pg = 0. (67) 

b) When fermion and Higgs interactions with gauge bosons are in equilibrium, it is possible to assign 
a single chemical potential for each fermion or Higgs multiplet. The chemical potential of particles 
and antiparticles add up to zero. Moreover, 5 and Si shifts for particles and antiparticles are opposite. 
Therefore, the effective chemical potential for particles and antiparticles adds up to zero. With this 
in mind, we only write down the chemical potential for particles (not antiparticles). We also assume 
the chemical potentials are independent of family and therefore we drop the family indices. Given 
the following chemical potentials and effective chemical potentials we find relations among them when 
interaction rates are in equilibrium, i.e. they are fast compared to the Hubble expansion rate. We have 

fit lie fiq flu lid liH (chemical potentials) (68) 

15 We use the effective chemical potential for fermions but not for gauge bosons or Higgs because in our problem, gauge bosons 
and Higgs never get energy shifts, i.e. neglecting possible small energy shifts for the gauge bosons. 
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Hi He Hq Mu Hd Hh (effective chemical potentials). (69) 

Since hh = Hh in any basis, we will use hh for both chemical potential and effective chemical potential 
of the Higgs doublet. 

c) When the QCD anomaly is in equilibrium, we have 


2 Hq — Mu d - Hd t 2/Tg — Hu d - Hd- (70) 

In the derivation we used the fact that all quarks shift by the same amount 8 q . 

d) When the SU(2)l anomaly is in equilibrium, we have 

3m<? d- Hi = 0 —^ 3 flq d- Hi = — (35 ? d- 8i) = —5. (71) 

e) When Yukawa coupling interactions are in equilibrium, we have 


Hq 

= Hd + f-lH = 

=/* fJjq — [Id + l-LH 

(72) 

Hq 

= Hu — Hh = 

= fJ'H 

(73) 

Hi 

= He + HH = 

^ Jll = fi e + HH- 

(74) 


f) The requirement of a hypercharge neutral universe, ^ Y = 0, constrains Hi directly, rather than Hi 
since what is relevant is the number density 

2 

Hq d - 2/Tu Hd Hi Me d~ 7 ,r Hh — 0. (75) 

iV f 

Here we have used the approximation that for Hi •C T, each internal degree of freedom gives you 

1 2 

(Fermion) m — nj ~ — m»T 

(Boson) m — nj ~ ^fiiT 2 - 

g) The lepton number changing AL = 2 interaction gives 

AL = 2 tf + tf^Z + Z r+f?^Z + i/. (76) 

When it is in equilibrium, and notice the Lagrangian (1461) is T invariant and time independent, we have 


Hi d- Hh = 0 


Hi + Hh = — 5 ;. 


(77) 


We observe that the 8 , which could come from a time dependent electroweak axion background, only 
appears in the effective chemical potential equation for the electroweak anomaly, and 8i which could come 
from a time dependent Majoron background only appears in the effective chemical potential equation for 
AL = 2 interactions. 


3.3 Phenomenological implications 

3.3.1 The equilibrium point in the limit SU(2)l sphaleron is turned off 

In this section, the phrase turned off means the theoretical limit in which some specific interaction rate 
goes to zero. It should be understood as a theoretical limit which is useful to obtain some insight. This 
limit is not necessarily realized in realistic situations. However it is a good approximation when the 
electroweak sphaleron rate satisfies, V b+l H. This is in fact relevant to the axionic leptogenesis 

model 0| for T > 10 13 GeV. 

We are trying to solve for the baryon number density ub and lepton number density ul■ In the 
early universe, the SU(2)l anomalous interaction is the sphaleron interaction, and if it is turned off, we 
cannot use (d). Let us solve the equilibrium effective chemical potentials when all other interactions are 
in equilibrium. The useful relations of fermion effective chemical potential from (a), (b), (c), (e), (f), (g) 
are 


(Yukawa) 

Hq — Md d - Mir 

(78) 

(Yukawa) 

Hq ~ Hu Hh 

(79) 

(Yukawa) 

Hi = He + HH 

(80) 

(Y = 0) 

2 

Hq d- 2 Hu — Hd — Hi ~ He d- ttHh = 0 

iV f 

(81) 

(L) 

Hi d- HH = —8i. 

(82) 
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Solving the equilibrium in terms of Si and fi q we find (S does not enter this result) 


and 


2N f + 1 r , 

fll — TTTr--— 7^1 T 


N f 


fIH = 


f-l'e — 


3 N f + 1 
Nf 

3 N f + 1 
N f + 1 


3Nf + 1 
(Si + flq) 


flq 


8i + 


2N f 

flq 


fid 


f-^U - 


3Nf + 1 3Af/ + 1 

Nf ~ 4AT + 1 

-—-Si + —f -- 


3N f + 1 
N f 


3 N f + 1 


flq 


s , 2 N f + 1_ 

+ TTTr- ~~r^Q 


3N f + 1 3iV/ + 1 


(83) 


B = 4:Nffl q 


L = N f 


5A/ + 3,. , 4N f 
3 N f + V l + 3 N f + 1 M9 


B — L = N f 


5N f + 3 
3 N f + 1 


Si + 


8Nf + 4 _ \ 

3NprS lq ) 


(84) 

(85) 

( 86 ) 


where B and L are defined such that the net baryon number density ub and the net lepton number 
density til can be written as 


BT 2 


B — Nf (2 flq + flu + fid) 

n B = n b -ni~ —— 

0 


LT 2 


L = Nf(2fll + fie). 

n L = ni — n T ~ —— 

0 

=*• 


(87) 

( 88 ) 


As we are interested in the early universe when the lepton number is generated. In the limit the SU (2) l 
sphaleron is turned off, ng does not change at that period of time. We are interested in the initial 
condition ng = 0, which gives you 


B = 0 

Plugging the result of Eq. 


'' 2flq flu /dd — 0 

into Eq. (1831) we fincf^l 


flq — 0 . 


(89) 


ffq=0 

2N f + 1 

W 3Nf + 1 Sl 
Nf 

3 N f + 1 
Nf + 1 


flH 


Sl 


fid 


3 N f + 1 
Nf 


Si 


3N f + 1 
Nf 


Si 


3N f + 1 


Si 


(90) 


In the model described in [I], we argued that Si = 0. We find the equilibrium value of the effective 
chemical potentials ( p, q fii fl e fid flu fiH) to be zero. Therefore, B = L = 0 and no asymmetry could be 
generated in the limit the SU(2)l sphaleron interaction is turned off[3 This is a different result than 
obtained in [lj, in which only the A L = 2 interaction rate, Pi,, enters the Boltzmann equations and Si 

16 In this case, only 5; matters and it is reasonable. 

1 ' From the viewpoint of the original basis Eq. lt55ll . the effect of the time dependent axion background is to make energy not 
conserved in sphaleron interaction, and when the sphaleron is turned off, it could not affect the equilibrium and therefore, could 
not produce asymmetry. For another possible basis in which the anomaly term is canceled by a vector rotation on leptons, time 
dependence in the dim-5 Weinberg operator and the energy shifts on leptons both have effect, and in the end the same result 
is obtained. 
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was assumed to be nonvanishing. Note, if the sphaleron interaction is not completely turned off, i.e. we 
do not neglect the results of Eq. o. then the equilibrium value of fi q ^ 0 and a baryon asymmetry will 
be generated by 8. 

This result suggests that for the model in [l|, nonzero B must be generated at the time nonzero B — L 
is generated, otherwise B — L = 0. The sphaleron interaction rate per particle satisfies T b+l < H when 
T > 10 12 GeV (since the sphaleron decouples at T > 10 12 GeV, see for example (22|) and according to 

the data in [IJ the A L = 2 interaction rate Yl > H for T > 10 13 GeV. Therefore, at T > 10 13 GeV 

we expect the amount of B — L generated is controlled by the smallness of Y b+l rather than Tl, since 
IT > » T b+l■ We expect the B — L generated at T > 10 13 GeV to be less efficient than described 

inQ. 

3.3.2 A subleading order effect 

We notice a subleading order effect: the modification of the dispersion relation of the gauge boson, 
[similar to Eq. (EiHl l. 

2 

( W a field) oj 2 = k 2 ±l-^k(N f 5) (91) 

o' 2 

(B a field) w 2 = k 2 j^k{N f 8). (92) 

This effect exists in the axionic leptogenesis model jl) but does not exist in the Majoron model |2|. It 
is an effect at subleading order, has similar g 2 suppression as the thermal correction to the gauge boson 
dispersion relation, and when calculating the effective chemical potentials we neglected this effect. 

The axion modification of the dispersion relation is different from a thermal correction: 

(1) It is a zero temperature effect. 

(2) The correction is linear in k and therefore it is not a mass term. On the other hand, the thermal 
effect is a mass term (m ~ gT for k gT ). 

(3) The thermal correction treats the two circularly polarized modes in the same way, while the axion 
correction treats ± circularly polarized modes (or helicity) differently. 

It may be interesting to investigate whether this modification of gauge boson dispersion relations leads 
to any observable. A possible observable due to a cold axion background modified dispersion relation 
of a photon is discussed in [23|. The dispersion relation discussed is of very similar origin as the one 
we consider, but the energy scale is very different, and it could make the observable (if it exists) very 
different. 

The fact that an axion background treats the two circularly polarized modes (± helicity states) of 
gauge bosons differently could result in a nonzero helicity density H ^ 0. The definition of helicity 
density H in the context of electrodynamics may be found in [24j together with its possible origin during 
an electroweak phase transition (T ~ 100 GeV). Our result indicates that the axionic leptogenesis model 
[l] could give rise to a B ^ 0 (for the gauge fields B a and W a ) at a much higher temperature scale 
(T ~ 10 12 GeV). It is not clear to us whether such a B ^ 0 in the early universe could induce an 
observable effect today. 
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A Some more details 


A.l Our notation of gauge fields and spinors 

For spinors, we only use left-handed Weyl spinors. Here is a comparison between different notations 




a 

2 p* 


ia /3 


o-“ = (1,^) 


< 7 ° =(1,-0 


( 93 ) 


C = tp(i$ - m)ip = ip R ia a d a ipL + tp R i(r a daipR - m^ip^ipR + ip R ipL) 

= aUd a d a a + f^id a d a (i + m[(a/3) — (a*p}*)\ (94) 

where (a/3) = a T (i<j2)/3- Both a and /3 are left-handed Weyl spinors. 

’ipi'y 0 A a ip = ip\ia a AaipL + ip R w a A a ipR = aUff a A a a + /3ha a (—A^)P (95) 

As —Aa is A a in the conjugate representation, when the spinor switches ip R —» /3, the representation 
switches into its conjugate representation. 

Let us look at how the vector current looks like in different notations 

j a = 'ip'y a ip = ipl j a a 'ipL + ip‘ [ R a a 'ipR = a^d a a — /3^d a f3 (96) 

For standard model particles: 

In the notation with left-handed and right-handed Weyl spinors one generation of SM fermion is 


l = 


vl 


eR 


q = 


Ul 

d,L 


In our notation, only left-handed spinors appear. 


V=VL 
u = ul 


e = ez, 

d= d,L 


And therefore for 1-generation of fermion 

l = 


The notation of the SM gauge fields: 

A frequently used notation for gauge field 

D a = d a + igsGlTl + igWlT + i^B a Y 
And the Lagrangian of the gauge field is 


— _ • 2 * 

e = —icr e R 

- _ ■ 2 * 
u = —ter u R 


q = 


Ur d R 


d = —icr df 


u d 


tr{TlTl) = -Sij 


tr{VT j 


- 

~ 2 5ij 


C 


gauge — ~ ^Cr a b(jr — — W a tW ~ -tf a b& 


Do the following switch to get our notation: 


— B a —> B a 

gWir w a 

gG\Ti -*■ G a 


(97) 

(98) 

(99) 

( 100 ) 

( 101 ) 

( 102 ) 

(103) 


In our notation 


Da — 0a ~\~ iGa + a + 

Bgauge = --^tr(G„iG“ 6 ) “ A^(W a6 W“ 6 ) - B ab B ab 

2 g 2 s 2g 2 g' 2 

Gab = daGb — dbGa A i[Ga, Gb] (104) 

Wab = daWb - dbWa + t[W„, W b ] 

Bab = d a B b - d b Ba 
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SU{ 3) c x SU{2) l x U(1) Y 

q 

(3727|j 

U 

(3,1,-|) 

d 

(3,1,1) 

i 

(1,2,-1) 

e 

(1,1,2) 

V 

(1,1,0) 

H 

(1,2,1) 

H 

(1,2,-1) 


A.2 The changes of anomaly term under fermion phase rotations, Fu¬ 
jikawa’s result 

As we mainly deal with chiral gauge fields W a and B a , Fujikawa’s paper [j is the right reference. I just 
summarize some useful results in our notation. 

For a left-handed Weyl spinor which couples to gauge field W a and B a like 

qUd a {d a + iW a + iB a Y)q (105) 


the phase rotation 


ia(x) 

e q 


will result in a change of anomaly term due to the change of path integral measure 


SC = 


a{x) 

16-7T 1 2 


[tr(W ab W ab ) + B ab B ab Y 2 ] 


B ~ ah _ f abed, n 

= -e B c d 


(106) 

(107) 


In the SM Lagrangian with Nf families of fermions [Ecm. (1161) 1. when making the following local vector 
rotations: 


l 

e 

Q 

u 

d 


e 

e 

e 

e 

e 


is iM; 
-i9 1 (x)- 

iS 2(*)q 

—i©2 (as) ^ 


(108) 


(1) Bgaugei Cy ukawa and Bmggs are invariant. 

(2) Cm has the following changes 


gl 






2M 




-2i9 1 (x) /A 


(l J H)(CH)] 


(3) The change of Ckinetie is 

SCkinetie = — (d a 0i)l*a a l + (d a 9i )e f d°e — ( d a 02 )q'd a q + (d a 0 2 )u ] d a u + {d a 9 2 )d}a a d 


(109) 


( 110 ) 


When d a d i = (<5;, 0, 0,0) and d a d 2 = ( 8 q , 0, 0,0) we get terms like 

— SilU —Sgq^q (HI) 

In Appendix I A. 31 we will explain that these terms cause energy shifts to fermions. 

(4) Vector rotation does not give anomaly term to QCD gauge field G a , but there will be changes of 
anomaly terms for chiral gauge fields W a and B a (due to path integral measure). 

SC arlorna ly = Nf {8 1 + W 2 ) J^tr {W ab W^) 

+N f {e 1 [(-lf x 2 - 2 2 ] + 30 2 [(i) 2 X 2 - (-|) 2 - (lf]}-L^B ab B ab 

= N f (e 1 +W 2 )-^[tr(W ab W ab )-2B ab B ab ] (112) 

Comparing to the frequently used notation discussed in Eq. (USD 

J-^[tr(W ab W ab ) - 2 B ab B ab ] -»• -L^[ g 2 W* b W abi - g' 2 B ab B ab ] (113) 
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A.3 Energy shifts and invariant quantities under basis changes 

Here we provide some details about energy shifts in the context of massless left-handed Weyl fermion. 

A.3.1 Classical solutions for a free left-handed Weyl fermion without energy shift 

First consider the free theory 

{A) £ = lHcr a dal (114) 

Equation of motion 

ia a d a l = 0. (115) 

Solutions with p a = {\p\,p) 

l = u(p)e~ lpx l = v(p)e px with a a p a u(p) = 0 a a p a v(p) = 0 (116) 

For example with Eo(p) = \p\, u and v are normalized such that 

u{p) = v{p) = \J2Eo(p) ^ ^ when P a = ( E o(p),0,0,E o (p)) (117) 

and 

u(p) = v{p) = 2Eo(p) o ) When P<1 = °’ °’ ~ E °( 118 ) 

The general classical solution is 

l = [ f P r l_ (a P Mp)e- ipx + PHpyn (119) 

J (2tt) 3 y/2E 0 {p.) 

A.3.2 Basis changes make 8il'l term appear and why it corresponds to an energy 
shift 

Do the change of basis l —► e z5lt l on the free Lagrangian cm you will find 

(B) £' = lUa a d a l - 5 t lU . (120) 

The equation of motion 

(■ i<r a d a - Si)l = 0. (121) 

The classical solution of this equation can be obtained by the solution without energy shift times a factor 
e~ lSlt , and it is consistent with the intuition that this Lagrangian is the free Lagrangian after basis 
change, and the solutions should be related by the similar transformation. With p 2 = 0, the solutions 
are 

l = u(p)e~ 1 ' lpx e~ l6lt l = v(p)e wx e~ l5lt with a a p a u(p) = 0 a a p a v(p) = 0. (122) 

The general classical solution is 

l = f f P J_ (aMp)e~ ipx e- iSlt + p}v{p)e ipx e^) (123) 

J ( 27I T y/2E 0 {p) 

Therefore, with Eo{p) = \p\ 

E(p) = Eo(p) + Si (particles) (124) 

E(p) = Eo(p) — Si (antiparticles) (125) 

This is why we could interpret —Sil’l as an energy shift which shifts the energy of particles and antipar¬ 
ticles in opposite directions by the same amount. 
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A.3.3 Quantization with creation and annihilation operators 

For the theory without an energy shift 


£ = l\<j a d a l 


Hamiltonian density 
Quantize l field by 


l = 


d 3 p 


H = lh(a-V)l 

1 , , , _ 


( 2yr ) 3 V 2 E o(p) 


with the commutation relations 

W,at} = (2n) 3 S 3 (p — q) 


H 0 = d 3 xl\ia ■ V)1 = 


d 3 p 

( 2^)3 


•|S> 

II 

£|-5S 

(126) 


(127) 

~ ipx + blv(p)e ipx ) 

(128) 

u bp} = (2 n) 3 S 3 (p- q) 

(129) 

infinite constant) is 


Eoi^iaiap + bibp) 

(130) 


A.3.4 Quantization of fermion with Sil'l term 
For theory with an energy shift 


C! = lUd°dJ - Sil ] l 


d X=i? 

dl 


the Hamiltonian density is given by 

U = lU(a ■ V)Z + Silh = Uo + Us- 


The quantized l field is given by 


l = 


d 3 p 


(2?r) 3 s /2E 0 (p) 


( apu(p)e 


+ biv(p)e r ‘‘ e 


(131) 


(132) 


(133) 


where the operators a, a\ b, b\ u and v have the same property as described in IA.3.31 One can work 
out the Hamiltonian (after dropping an infinite constant) and we find 

Ho - J d 3 xl\ia-V)l = J ^E 0 (p)(ala p +blb p ) (134) 

H s = J d 3 x S,lU = J -^Si^pUp-b^p). (135) 

Again, we recover the energy shift explanation in the context of the quantized theory. 


A.3.5 Discrete symmetries 

We remark that the operator SilH is even under a T (time reversal) transformation, and odd under CP: 


(T) 

5ilh ->■ 

+s t ih 


(CP) 

SilU —>■ 

-SilU 

(136) 

(CPT) 

Siih ->• 

-SiiU 



At the operator level, it may be seen by looking at the transformation on operators 

(T) Up —> o,—p bp —> b—p (137) 

(CP) up — y b—p bp —y u—p 
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A.4 Energy-momentum tensor in a time dependent background from 
Noether’s theorem 


A.4.1 Noether’s theorem and energy-momentum tensor in a background 

Consider a general Lagrangian, £((/>, d a <p, x a ), and allow it to depend on x a explicitly, so that it may apply 
to theories with time dependent background fields. We will take the partial derivative of the Lagrangian 
with respect to x a , and we use the following two quantities for different meanings 


dC 

dx a 


7 ^ 9 a C 


(138) 


The one on the LHS is the partial derivative which keeps <j> and d a </> fixed, while the one on the rhs is 

< I39 > 

Given the action 


S = J d 4 x£((/), d a (f>, x a ), 

take infinitesimal variation 5<j)(x) which vanishes at the boundary, and then integrate by parts 

5S = 


(140) 




= Jd 4 xS^-d a (^)}. 


(141) 


Therefore, in the case the Lagrangian depends on x a explicitly, we are still be able to derive the Euler- 
Lagrange equation 

<»*> 

Consider a constant infinitesimal space-time translation e . Using Eq. (fl39l) we find 


b dC dC b 

6 a? + dj {e ^ 9(a„0) 

Then, use the Euler-Lagrangian equations to derive 

b 


e b db(d a (t>) = e h dbC. 




It is valid for any e , and let us define the energy-momentum tensor to be 


r)C 

ns ^ 


a rpa _ d£ 

daTb -~d: 


(143) 


(144) 


(145) 


Therefore, if the Lagrangian does not explicitly depend on x a , we will find d a T a b = 0 and the energy- 
momentum tensor is conserved. On the other hand, if the Lagrangian explicitly depends on x a , the 
energy-momentum tensor is not conserved. 


A.4.2 The energy nonconservation in basis (A) of the toy model 

Recall that the Lagrangian for the toy model in basis (A) is (with d a 9 = (5, 0, 0, 0)) 

3 

(A) C = lha a DJ + V q\id a D a qi - J-tr(W ab W ab ) - ^-tr{W ab W ab ) (146) 

f—■' 2 g 1671- 

Notice that the Lagrangian depends on x a explicitly only through the background 9{x). Thus using Eq. 

(11451) we fin<0 

0«T°i = Sbj^tr(W ab W ab ) (147) 

18 In our case S = const, it is possible to define the energy-momentum tensor another way and make it a conserved tensor. It 
is because when 5 = const the 6{x)WW is equivalent to a time independent term up to a total derivative. For a general time 
dependent background it is not possible to define a conserved energy-momentum tensor. 
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d a T a i = 0 with i = 1,2,3 tells you 3-momentum is conserved, and d a T a 0 ^ 0 tells you the energy is not 
conserved. [If 9(x) depends on the 3-dimensional space, we expect the 3-momentum not to be conserved.] 
The energy of the system is 

E(t) = J d 3 xT° 0 (x, t) (148) 

The amount of energy nonconservation is 

E(t 2 ) - E(ti) = JJ dtj d 3 x d a T a o = JJ dtj d 3 x j^tr{W ab W ab ) (149) 

The instanton number 

v = J d 4 x ^tr(W ab W ab ) (150) 

Therefore, the change of energy is +v5 for an instanton process. This confirms our result in Section 
12.5.41 In other words, in the anomalous interaction 

l + qi ^ <?2 + ?3 (151) 

the energy is not conserved from the viewpoint of basis (A) and 

Eq 2 T Eq 3 — Ei -f- E qi + 6 (152) 
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